Gravitational wave polarization modes inf(R)theories by Kausar, H Rizwana et al.
Zurich Open Repository and
Archive
University of Zurich
Main Library
Strickhofstrasse 39
CH-8057 Zurich
www.zora.uzh.ch
Year: 2016
Gravitational wave polarization modes inf(R)theories
Kausar, H Rizwana; Philippoz, Lionel; Jetzer, Philippe
Abstract: Many studies have been carried out in the literature to evaluate the number of polarization
modes of gravitational waves in modified theories, in particular in f(R) theories. In the latter ones, besides
the usual two transverse-traceless tensor modes present in general relativity, there are two additional scalar
ones: a massive longitudinal mode and a massless transverse mode (the so-called breathing mode). This
last mode has often been overlooked in the literature, due to the assumption that the application of the
Lorenz gauge implies transverse-traceless wave solutions. We however show that this is in general not
possible and, in particular, that the traceless condition cannot be imposed due to the fact that we no
longer have a Minkowski background metric. Our findings are in agreement with the results found using
the Newman-Penrose formalism and thus clarify the inconsistencies found so far in the literature.
DOI: 10.1103/PhysRevD.93.124071
Posted at the Zurich Open Repository and Archive, University of Zurich
ZORA URL: http://doi.org/10.5167/uzh-129776
Published Version
Originally published at:
Kausar, H Rizwana; Philippoz, Lionel; Jetzer, Philippe (2016). Gravitational wave polarization modes
inf(R)theories. Physical Review D (Particles, Fields, Gravitation and Cosmology), 93(12):124071. DOI:
10.1103/PhysRevD.93.124071
ar
X
iv
:1
60
6.
07
00
0v
1 
 [g
r-q
c] 
 22
 Ju
n 2
01
6
Gravitational wave polarization modes in f(R) theories
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Many studies have been carried out in the literature to evaluate the number of polarization modes
of gravitational waves in modified theories, in particular in f(R) theories. In the latter ones, besides
the usual two transverse-traceless tensor modes present in general relativity, there are two additional
scalar ones: a massive longitudinal mode and a massless transverse mode (the so-called breathing
mode). This last mode has often been overlooked in the literature, due to the assumption that the
application of the Lorenz gauge implies transverse-traceless wave solutions. We however show that
this is in general not possible and, in particular, that the traceless condition cannot be imposed due
to the fact that we no longer have a Minkowski background metric. Our findings are in agreement
with the results found using the Newman-Penrose formalism, and thus clarify the inconsistencies
found so far in the literature.
PACS numbers: 04.30.-w, 04.50.Kd
I. INTRODUCTION
The questions about the concepts of dark matter and
dark energy motivated the development of new gravity
theories. Most of them are direct modifications of gen-
eral relativity (GR), such as f(R) theories where, in con-
trast to GR, the Einstein-Hilbert Lagrangian density is
replaced by a nonlinear function f(R). The nonlineari-
ties lead to different sets of field equations according to
the different variational approaches for the action [1].
The first variational approach is known as the metric
formalism, where fourth-order field equations are derived
by varying the action with respect to the metric tensor
gµν . In this case, connections are metric dependent and
hence every field in the gravitational sector is coming
from the metric tensor. The second type of variational
approach leads to the Palatini formalism where the met-
ric and the connections are assumed to be independent
fields, and the action is this time varied with respect to
both of them. The field equations remain of second order
as is the case of the Einstein field equations. A third type
is the metric-affine variational approach, which comes if
one uses the Palatini variation but also includes torsion
by assuming nonmetricity of the connections. This last
approach is the most general case of f(R) gravity.
The scalar-tensor theories proposed by Brans and
Dicke [2] with the aim of making the theory of gravity
compatible with Mach’s principle can have a dynamical
equivalence to f(R) gravity, the metric formalism of f(R)
corresponding to the specific case ωBD = 0 and the Pala-
tini one to ωBD = −3/2 (see e.g. [1] or [3]). Scalar-tensor
theories are also of great interest since a coupling between
a scalar field and gravity seems to be a generic outcome
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of the low-energy limit of string theories [4]. Another in-
terest in the scalar-tensor models lies in the fact that the
f(R) theories can be written as the Einstein equations
plus a scalar field, and thus we could in principle extend
the same formalism applied for the scalar-tensor theories
to the f(R) field equations [5].
The recent detection of gravitational waves (GWs) by
the LIGO Collaboration [6] is a milestone in GWs re-
search and opens new perspectives in the study of gen-
eral relativity and astrophysics. Moreover, future space-
borne detectors will offer access to an unprecedented sig-
nal sensitivity [7]. It is thus worthwhile to explore GWs
in alternative theories of gravity, especially in f(R) and
scalar-tensor theories. The observation of the polariza-
tion modes of GWs will be a key tool to obtain valuable
information about the astronomical objects and physics
of the early Universe; depending if additional polariza-
tions are found or not in a detected signal, our knowledge
of gravitation could have to be extended beyond GR, but
we could in any case exclude some theoretical models ac-
cording to which modes are actually detected. Note that
even if the recent detection allows one to put contraints
on the Compton wavelength of a massive graviton, it can-
not exclude the existence of non-GR polarization yet, but
this will be possible in the future using a network of de-
tectors with different orientations [8].
Usually, the general procedure to evaluate the power
spectrum of the cosmological GWs is to consider the
linearized theory by making small metric perturbations
around the Minkowski metric (e.g. [9]). The basic idea
is to analyze all the physically relevant components of
the Riemann tensor Rλµνρ, which cause relative accel-
eration between test particles. In linearized theory, the
Riemann tensor can be split into six algebraically inde-
pendent components. Assuming that GWs are propagat-
ing in the z direction, the six components can be classified
into six polarizations modes, namely +, ×, b, l, x, and
y denoting plus, cross, breathing, longitudinal, vector-x,
2and vector-y modes, respectively. According to the rota-
tion symmetry around the propagation axis of the GWs,
the + and ×modes can be identified with the tensor-type
(spin 2) GWs, the x and y modes are vector-type (spin
1) GWs, and the b and l modes are scalar-type (spin 0)
GWs.
In GR, the GWs present only two polarization states,
the + and × modes. However, when the framework of an
alternative theory of gravity is considered, the number of
non-null components of the Riemann tensor and hence
of polarization modes can be greater than two. This is
a direct consequence of the new field equations which
can lead to the existence of additional radiative modes.
Using a linearized approach, several studies investigated
the additional polarization modes in all versions of f(R)
theories ([10–15], or more recently [16]) and scalar-tensor
theories [17], and it has been shown that only one mas-
sive longitudinal mode exists along with the two usual
tensorial modes of GR. In addition to the linearized ap-
proach, another powerful tool to study the properties of
GWs in any metric theory is the Newman-Penrose (NP)
approach developed by Eardley et al. [18, 19]. In their
work, they used a null-tetrad basis in order to calculate
the NP [20] quantities in terms of the irreducible parts
of Rλµνρ, namely, the Weyl tensor, the traceless Ricci
tensor and the Ricci scalar. They showed that six pos-
sible modes of GWs polarization can be represented by
these non-null NP quantities. Applying this technique,
Alves, Miranda and de Araujo [20, 21] found that scalar-
tensor and f(R) theories have, with respect to GR, two
additional modes: a longitudinal and a breathing mode.
Therefore, there seems to be a disagreement between the
linearized and the NP approaches.
Adopting the linearized approach, we explore extra po-
larization modes of GWs in modified f(R) theories. The
outline of the paper is as follows: in Sec. II, we consider
the f(R) model with a quadratic term and linearize the
field equation for this model in the metric formalism. The
solutions of GWs arising in this theory are found explic-
itly and we present how two more polarization modes
appear in addition to the usual two coming from GR.
In Sec. III, we consider the Palatini formalism for f(R)
theories. A summary of our results is given in Sec. IV.
In the Appendix, we briefly overview the NP formalism
to show the consistency of our results.
II. POLARIZATION MODES IN METRIC f(R)
THEORY
In this section we closely follow the approach discussed
in Ref. [22] and rederive the main results leading to the
wave equations for GWs. In a generic f(R) theory, the
corresponding action with a generalized function of the
Ricci scalar R can be written as
S =
1
2κ
∫
d4x
√−gf(R), (1)
where κ is the coupling constant and g is the determinant
of the metric tensor. Varying this action with respect to
gµν yields the following set of vacuum field equations for
f(R) gravity:
f ′(R)Rµν − 1
2
f(R)gµν −∇µ∇νf ′(R) + gµνf ′(R) = 0,
(2)
where µ, ν = 0, 1, 2, 3 and  = ∇µ∇µ with ∇µ being the
covariant derivative for gµν . Taking the trace of the field
equations, we get
f ′(R)R+ 3f ′(R)− 2f(R) = 0. (3)
To study gravitational waves, we use the linearized
framework as in GR. Considering the perturbation of the
metric from flat Minkowski space such that
gµν = ηµν + hµν , (4)
R = R(0) +R(1), (5)
with R(0) = 0. The first-order Ricci tensor and Ricci
scalar are given, respectively, by
R(1)µν =
1
2
(∂µ∂ρh
ρ
ν + ∂ν∂ρh
ρ
µ − ∂µ∂νh−hµν), (6)
R(1) = ∂µ∂ρh
ρµ −h. (7)
We first discuss the case where f(R) is a polynomial and
then the other cases.
A. Polynomial f(R) models
We shall first consider polynomial f(R) models of the
form
f(R) = R+ αR2 + βR3 + . . . . (8)
For such cases up to first order in R(1), only terms up to
R2 contribute to the field equations (2) for which we get
R(1)µν −
1
2
R(1)ηµν − 2α∂µ∂νR(1) + 2αηµνR(1) = 0. (9)
The trace equation can be written in the form of a Klein-
Gordon equation:
R(1) +m2R(1) = 0, (10)
where m2 = − 16α . Physically meaningful solutions
require m2 > 0 and thus negative values for α.
In GR, the linearized Einstein field equations can be
reduced to the simple wave equation
h¯µν = −16piG
c4
Tµν (11)
if one defines the trace-reversed perturbation
h¯µν = hµν − h
2
ηµν (12)
3or equivalently
hµν = h¯µν − h¯
2
ηµν (13)
and then imposes the Lorenz gauge for h¯µν [9, 23]:
∇µh¯µν = 0. (14)
We now want to apply this similar standard reasoning
within the f(R) framework and find a quantity h¯µν that
satisfies a wave equation when linearizing the field equa-
tions (2). It has been shown [22] that the appropriate
transformation is given by
hµν = h¯µν − h¯
2
ηµν − 2αR(1)ηµν . (15)
By taking the trace, we get
h = −h¯− 8αR(1). (16)
We then impose the Lorenz gauge (14), and after insert-
ing equations (14) and (15) into (6) for the Ricci tensor,
we obtain instead
R(1)µν =
1
2
[
4α∂µ∂νR
(1) −(h¯µν − h¯
2
ηµν) + 2αηµνR
(1)
]
.
(17)
Substituting it into Eq. (9), we find
− 1
2
h¯µν+
1
4
ηµνh¯+3αηµνR
(1)− 1
2
ηµνR
(1) = 0. (18)
Using Eq. (15) and the Lorenz gauge given by Eq. (14),
Eq. (7) becomes
R(1) = 6αR(1) +
1
2
h¯ (19)
or
R(1) +m2R(1) =
1
2
m2h¯. (20)
Comparing this equation with Eq. (10) it follows that
h¯ = 0 has to be fulfilled as well. Inserting h¯ as from
Eq. (20) into Eq. (18) we finally get
1
2
h¯µν = 0. (21)
In GR this wave equation is then solved using the Lorenz
gauge, which implies transverse wave solutions, and the
vanishing of the trace h¯. The latter quantity being a
scalar in GR and thus invariant under coordinate trans-
formations, both hµν and h¯µν can be traceless at the
same time. However, in f(R) theories, as can be seen
from Eq. (16), by imposing h¯ = 0 one cannot obtain
h = 0, since the trace does no longer behave as a scalar
under coordinate transformations, due to the additional
coupled scalar equation for R(1). It has been argued that
nonetheless it is possible to perform a gauge transfor-
mation such that h¯ = 0, in which case the solution of
the wave equation (21) would thus be the same as in
GR, with no additional polarization mode, in particular
the breathing mode. However, we show in the following
that, in f(R) theories, one cannot preserve transversal-
ity and the traceless condition at the same time. The
main point being that when considering a gauge trans-
formation in order to get a vanishing h¯ = 0 one has to
take into account that the background metric is no longer
just Minkowski, but due to the fact that R(1) is nonzero,
as clearly has to be the case due to Eq. (10), the metric
is g¯µν as induced by R
(1).
Let us consider a gauge transformation generated by
ξµ, in which case h¯µν becomes
h¯µν → h¯′µν = h¯µν + ξν;µ + ξµ;ν − g¯µνξ ;λλ , (22)
where a semicolon denotes the covariant derivative with
respect to the background metric g¯µν , which is thus used
for raising and lowering indices. Taking the trace of this
equation by contracting with g¯µν , we get
h¯′ = h¯− 2ξ ;λλ (23)
Applying  on the above equation, we obtain a condition
that ξλ has to fulfill if we require that h¯
′ is traceless:
h¯′ = 0 ⇔ (h¯− 2ξ ;λλ ) = 0,
⇔ ξ ;λλ = 0 ⇔ (ξλ);λ = 0
⇔ ξλ = 0 or constant. (24)
In the second step, we used the fact that h¯ = 0. Now,
requiring the Lorenz gauge condition and using the Ricci
identity (see e.g. [24])
ξi;l;k − ξi;k;l = Rijklξj , (25)
we get from the above transformation (22)
h¯ ;νµν → h¯′ ;νµν = h¯ ;νµν + ξ ;νµ;ν + R¯(1)µν ξν , (26)
where R¯
(1)
µν is the Ricci tensor of the background metric.
Since h¯ νµ ;ν = 0 due to the Lorenz gauge condition, hence
h¯′
ν
µ ;ν can be zero if and only if ξ
;ν
µ ;ν + R¯
(1)
µν ξν = 0;
however, one has that ξµ = −R¯(1)µν ξν 6= 0 or constant.
This contradicts Eq. (24) and tells us that it is in general
not possible to achieve both conditions of vanishing trace
and transversality at the same time.
B. Solutions
Next, we discuss the solutions corresponding to waves
in vacuum of the wave equations given by Eq. (10) and
Eq. (21), respectively. We make the usual plane wave
ansatz, corresponding to a standard Fourier decomposi-
tion, and we get for Eq. (21)
h¯µν = hˆµν(k
ρ) exp(ikρx
ρ), (27)
4where k is a four vector. We assume that the wave is
traveling along the z axis, and due to the Lorenz gauge,
from which it follows that the wave is transverse with
respect to the z axis,
kµ = ω(1, 0, 0, 1), (28)
where ω is the angular frequency. Due to the Lorenz
gauge condition, we have
kµhˆµν = 0, (29)
⇒ hˆ0ν + hˆ3ν = 0. (30)
Assuming hˆ0ν = 0, implies hˆ3ν = 0. The only nonzero
components of hˆµν are therefore hˆ11, hˆ12, hˆ21 and hˆ22,
so in general we can write
hˆµν =


0 0 0 0
0 hˆb11 + hˆ
+
11 hˆ
×
12 0
0 hˆ×21 hˆ
b
22 − hˆ+22 0
0 0 0 0

 , (31)
where the superscript +, × and b denote the plus, the
cross and the breathing polarizations modes of the grav-
itational radiations, respectively. Note that we have
hˆb11 = hˆ
b
22 ≡ hˆb, hˆ+11 = hˆ+22 ≡ hˆ+, and hˆ×12 = hˆ×21 ≡ hˆ×.
These modes are transverse to the direction of propaga-
tion, with the two +,× representing quadrupolar defor-
mations and b representing a monopolar breathing defor-
mation. In GR, the breathing polarization mode vanishes
due to the traceless condition of hˆµν , and only the two
usual + and × polarizations remain.
The solution of the second wave equation (10) can be
written as
R(1) = Rˆ(qρ) exp(iqρx
ρ), (32)
where qρ is a four vector. Considering a wave traveling
along the z axis and taking Ω as its angular frequency,
we can write
qµ = (Ω, 0, 0,
√
Ω2 −m2). (33)
Thus Eq. (32) yields the massive scalar longitudinal mode
in the z direction. By analogy with our previous nota-
tion, the corresponding amplitude Rˆ can be written as
Rˆ ≡ hˆl, (34)
where the superscript l denotes the longitudinal mode.
However, the longitudinal mode does not travel with the
speed of light c, but instead has a group velocity [10, 22]
v(Ω) =
√
Ω2 −m2
Ω
, (35)
which for m2 > 0 leads to v < c and for Ω < m the wave
is decaying.
C. General f(R) model
To find the polarization modes for a general f(R) func-
tion, including in particular also f(R) = 1
R
models, we
define a scalar field φ = f ′(R) and an effective potential
V = f(R)−Rf ′(R) (36)
such that f ′′(R) 6= 0 and f ′(R) is invertible. Then the
field equations (2) can be written as
Rµν − 1
2
Rgµν =
1
φ
(
1
2
gµνV (φ) +∇µ∇νφ− gµνφ
)
.
(37)
Next, we consider small perturbations from Minkowski
background equation (4) in the metric tensor and in the
scalar field φ0, i.e., around the constant scalar curvature,
such that
φ = φ0 + δφ. (38)
Here, we also assume φ0 to be a steady minimum for
the effective potential V , say that is V0. As the effective
scalar field and the effective potential arise directly from
the prime derivative f ′(R) of the spacetime curvature,
hence the potential presents a square (i.e., parabolic)
trend, in a function of the effective scalar field, near the
minimum V0, i.e.,
V ≃ V0 + 1
2
aδφ2 ⇒ dV
dφ
≃ aδφ, (39)
where a is a constant (see [25] for more details on this ar-
gument). The linearized field equations up to first order
in hµν and δφ become [10]
R(1)µν −
1
2
R(1)ηµν = ∂µ∂νhf − ηµνhf , (40)
where hf =
δφ
φ0
. Modifying Eq. (15) for a general func-
tion, hf , we have
hµν = h¯µν − h¯
2
ηµν − hfηµν . (41)
Using Eqs. (6) and (7) along with the above transfor-
mation and imposing the Lorenz gauge condition, the
linearized field equations become
h¯µν = 0. (42)
This equation is identical to Eq. (21); it can thus be
solved in a similar manner and the solution—thus the
number of polarizations—is identical to the one found
for a polynomial model. Hence, we have the +, × and
breathing modes in this case, too.
For the massive mode, taking the trace of the Eq. (37),
we have
−R = − 3
φ
φ+
2
φ
V (φ). (43)
5Differentiating Eq. (36) with respect to φ, we obtain
R = −V ′(φ). (44)
Using this equation in Eq. (43), we get
3φ− 2V (φ) + φV ′(φ) = 0. (45)
In linearized approximation, applying Eqs. (38) and (39)
and assuming V0 = 0, we finally get
hf +m
2hf = 0, (46)
where m2 = aφ03 . The solution to this equation yields
the longitudinal mode in the same way as discussed in
the previous section.
In conclusion, any metric formulation of f(R) leads
to the existence of four polarization modes: two tensor
modes and two scalar ones.
III. POLARIZATION MODES IN PALATINI
FORMALISM
In this formalism, the action can be defined as [11]
S(g,Γ) =
1
2κ
∫
d4x
√−gf(R) + Lm, (47)
where Lm is the Lagrangian for the matter field. In this
approach, the connection Γ is nonmetric (i.e., the connec-
tion and the metric are considered as independent) but
with vanishing torsion. Assuming that the matter La-
grangian does not depend on the dynamical connection,
the field equations can be achieved by varying the action
independently with respect to gµν and Γ
λ
µν and are given
by
f ′(R)Rµν − 1
2
f(R)gµν = kTµν , (48)
∇α(
√−gf ′(R)gµν) = 0, (49)
with ∇α the covariant derivative with respect to Γ.
In order to study the propagation of GWs, we first
assume the vacuum case, i.e., T = gµνTµν = 0. The
trace of Eq. (48) leads then to the constraint
f ′(R)R− 2f(R) = 0. (50)
If f(R) 6= αR2, it can be shown that the associated the-
ory actually corresponds to GR with a cosmological con-
stant [26], which yields the two usual tensorial polariza-
tion modes + and × [27].
However, if f(R) = αR2 [which identically satisfies
Eq. (50)], one cannot reduce this function to a usual ex-
pansion of the form “R + corrections” which would be
physically meaningful. However, using the approach of
[20], one can nevertheless show that the Newman-Penrose
quantities ψ2, ψ3 and φ22 vanish, and no additional po-
larization mode would arise (see the Appendix).
IV. CONCLUSION
In this paper we have discussed GWs polarization
modes in f(R) theories. Using the weak-field approxi-
mation, we have explicitly shown that in the polynomial
case of f(R) theories, two scalar modes arise in addition
to the two ordinary tensorial modes from standard GR.
One of these extra modes is a massive longitudinal one,
whereas the second one is a massless breathing mode.
Extending the discussion to a general function f(R), one
finds that the field equations are similar to the polyno-
mial case where our argument can be applied once again,
thus leading to the existence of the two additional scalar
modes.
As previously mentioned, one can also check that
scalar-tensor theories have the same number of polar-
ization modes since f(R) theories are equivalent under
simple transformations [5]. However, the mass is in this
case m2 = aφ02ω+3 , where ω is the transforming parameter.
Moreover, in Brans-Dicke theory, one generally finds
four modes [especially in the case ωBD which is equiva-
lent to the f(R) metric formalism], but should the scalar
field be massless (m2 = 0), then only one scalar mode
remains, namely the massless breathing mode [28, 29].
In the specific case ωBD = −3/2, the theory however re-
duces to the Palatini formalism, where the vacuum field
equations only produce the two usual tensor modes since
this formulation is equivalent to GR, up to a cosmological
constant.
In Table 1 we summarize our results.
TABLE I. Additional polarizations found in various theories.
+, ×, b, l denote the plus, cross, breathing and longitudinal
modes, respectively.
Theories Polarization modes
Metric f(R) gravity +, ×, b, l
Palatini f(R) gravity +, ×
Scalar-tensor theory (massive) +, ×, b, l
Brans-Dicke theory (massive) +, ×, b, l
Brans-Dicke theory (massless) +, ×, b
We would like to mention that our work is in agree-
ment with the results obtained by Alves, Miranda et de
Araujo [20, 21] where they use the Newman-Penrose ap-
proach. In the Appendix, we shortly summarize the re-
lated formalism. Additionally, GWs polarizations have
also recently been studied in f(R, T ) models—where T
is the trace of the energy momentum tensor—again in
the NP formalism [30]. Since one needs to examine the
theory in a region far from the source of GWs, where
T = 0, the number of polarization modes is again the
same as in f(R) theories, i.e., four modes.
Recent studies have shown that in some extensions of
f(R) theories, the polarization content can greatly vary.
For instance, in the so-called F (T ) theories (where T is
the torsion scalar in teleparallelism), there is an equiva-
6lence with GR, and thus no additional GWs modes [31].
On the other hand, a detailed study of the GWs solutions
of fourth-order gravity has shown that, in general, besides
the two usual massless solutions, there are two further
massive modes with finite-distance interaction [32].
Finally, we note that if GWs present nontensorial po-
larization modes as discussed in this paper, a measured
signal, for instance a stochastic cosmological background
of GWs, would consist of a mixture of all those modes.
Through the analysis of such a signal, the existence of
scalar and/or vector modes could help to discriminate
between the possible theories of gravity beyond GR or
to set some bounds on the respective intensity of each
mode if only tensorial polarizations are present.
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Appendix: NEWMAN-PENROSE FORMALISM
1. Overview
In this section, we give a short overview of the
Newman-Penrose (NP) formalism to find extra polariza-
tion modes; more details can be found in the appropriate
references [18, 20, 21].
To define the NP quantities which corresponds to the
six polarization modes of GWs, one can define a system
of four linearly independent vectors (et, ex, ey, ez) at
any point of space, which are called tetrads. From this
system one can introduce a particular tetrad, known as
the NP tetrad, denoted as k, l, m, m¯ [18]. The first two
of these vectors are real null vectors defined as
k =
1√
2
(et + ez), l =
1√
2
(et − ez), (A.1)
whereas the other two null vectors m and m¯ are complex
conjugates of each other and defined as
m =
1√
2
(ex + iey), m¯ =
1√
2
(ex − iey). (A.2)
The so-defined tetrad vectors obey the following rela-
tions:
−k.l = m.m¯ = 1, k.m = k.m¯ = l.m = l.m¯ = 0. (A.3)
The Riemann tensor Rλµνρ can be split into irreducible
parts: a ten-component Weyl tensor (ψ’s), a nine-
component traceless Ricci tensor (φ’s) and a curvature
scalar (Λ). The total number of independent components
can however be reduced to six [19] by assuming nearly
plane wave and making use of the properties of the Rie-
mann tensor. In order to describe a wave in a generic
metric theory in a null frame, one can associate those six
independent components to the following quantities: ψ2,
φ22, ψ3 and ψ4. ψ3 and ψ4 are complex, and thus each
one corresponds to two independent polarizations. These
NP quantities are related to the following components of
the Riemann tensor in the null tetrad basis:
ψ2 = −1
6
Rlklk ∼ longitudinal scalar mode, (A.4)
ψ3 = −1
2
Rlklm¯ ∼ vector-x and y modes, (A.5)
ψ4 = −Rlm¯lm¯ ∼ +,× tensorial modes, (A.6)
φ22 = −Rlmlm¯ ∼ breathing scalar mode. (A.7)
(A.8)
The following relations for the Ricci tensor and the Ricci
scalar hold:
Rlk = Rlklk, (A.9)
Rll = 2Rlmlm¯, (A.10)
Rlm = Rlklm, (A.11)
Rlm¯ = Rlklm¯, (A.12)
R = −2Rlk = −2Rlklk. (A.13)
The field equations (2) and (3) can be written in the
following form:
Rµν =
1
f ′(R)
[
1
2
f(R)gµν +∇µ∇νf ′(R)− gµνf ′(R)
]
, (A.14)
R =
2f(R)− 3f ′(R)
f ′(R)
. (A.15)
In this approach, one first determines the Ricci scalar
(A.15) (by considering the trace of the field equation) and
then substitutes it into Eq. (A.14). By writing the coordi-
nates of the Ricci tensor in the NP tetrad, one can finally
determine the possible polarization modes with the help
of the previously described Newton-Penrose quantities.
For instance for the model f(R) = R + αR2 studied in
Sec. II A, Eq. (A.14) and its solution correspond to our
7previous Eq. (10) and Eq. (32). Hence substituting the
solution given in Eq. (32) into Eq. (A.14), we finally get
the following nonzero components for the Ricci tensor
[20]:
Rtt =
−1
2
(4αq2 + 1)R, (A.16)
Rtz = 2αq
√
q2 +
1
6α
R, (A.17)
Rzz =
1
6
(−12αq2 + 1)R. (A.18)
Using Eqs. (A.4)-(A.13), one finds the following NP
quantities:
ψ2 6= 0, ψ3 = 0, ψ4 6= 0, φ22 6= 0. (A.19)
Thus we get four polarization modes for the GWs: +, ×,
b and l.
2. Case f(R) = αR2 in Palatini
We give here the proof that the case f(R) = αR2 also
does not give rise to additional polarization modes. First
considering a theory of the form f(R) = αR−β, one finds
Rµν = − 1
2β
Rgµν , (A.20)
R = − 2
β
R, (A.21)
similarly to Eqs. (A.14) and (A.15). If β 6= −2, the the-
ory reduces to GR with R = 0, Rµν = 0, and hence two
tensor polarization modes. Otherwise, the field equation
reads
Rµν =
1
4
Rgµν , (A.22)
which implies that the following Newman-Penrose pa-
rameters must be zero:
ψ2 = ψ3 = φ22 = 0. (A.23)
This, once again, corresponds to the two tensor modes +
and ×.
[1] T. Sotiriou and V. Faraoni,
Rev. Mod. Phys. 82, 451 (2010).
[2] C. Brans and R. Dicke, Phys. Rev. 124, 925 (1961).
[3] A. D. Felice and S. Tsujikawa,
Living Rev. Relativity 13, 3 (2010).
[4] J. Casas, J. Garcia-Bellido, and M. Quiros,
Nucl. Phys. B 361, 713 (1991).
[5] M. Capone and M. Ruggiero,
Classical Quantum Gravity 27, 125006 (2010).
[6] B. Abbott et al., Phys. Rev. Lett. 116, 061102 (2016).
[7] P. Amaro-Seoane et al., GW Notes 6, 4 (2013).
[8] B. Abbott et al., Phys. Rev. Lett. 116, 221101 (2016).
[9] M. Maggiore, Gravitational Waves. Vol. 1: Theory and
Experiments, 1st ed. (Oxford University Press, New York,
2008).
[10] S. Capozziello, C. Corda, and M. Laurentis,
Phys. Lett. B 669, 255 (2008).
[11] S. Capozziello and S. Vignolo,
Ann. Phys. 19, 238 (2010).
[12] S. Capozziello, R. Cianci, M. Laurentis, and S. Vignolo,
Eur. Phys. J. C 70, 341 (2010).
[13] C. Corda, Int. J. Mod. Phys. A 23, 1521 (2008).
[14] C. Corda, Gen. Relativ. Gravit. 40, 2201 (2008).
[15] C. Corda, J. Cosmol. Astropart. Phys. 04, 009 (2007).
[16] P. Prasia and V. Kuriakose,
Int. J. Mod. Phys. D 23, 1450037 (2014).
[17] S. Capozziello and C. Corda,
Int. J. Mod. Phys. D 15, 1119 (2006).
[18] E. Newman and R. Penrose,
J. Math Phys. 3, 566 (1962); 4, 998(E) (1963).
[19] D. M. Eardley, D. L. Lee, and A. P. Lightman,
Phys. Rev. D 8, 3308 (1973).
[20] M. Alves, O. Miranda, and J. de Araujo,
Phys. Lett. B 679, 401 (2009).
[21] M. Alves, O. Miranda, and J. de Araujo,
Classical Quantum Gravity 27, 145010 (2010).
[22] C. Berry and J. Gair, Phys. Rev. D 83, 104022 (2011).
[23] S. Capozziello and M. Laurentis,
Phys. Rep. 509, 167 (2011).
[24] N. Straumann, General Relativity, 2nd ed. (Springer,
New York, 2013).
[25] C. Corda, Eur. Phys. J. C 65, 257 (2010).
[26] M. Ferraris, M. Francaviglia, and I. Volovich,
Classical Quantum Gravity 11, 1505 (1994).
[27] J. Na¨f, P. Jetzer, and M. Sereno,
Phys. Rev. D 79, 024014 (2009).
[28] C. Will, Living Rev. Relativity 9, 3 (2006).
[29] B. Sathyaprakash and B. Schutz,
Living Rev. Relativity 12, 2 (2009).
[30] M. Alves, P. Moraes, J. de Araujo, and M. Malheiro,
arXiv:1604.03874v1.
[31] K. Bamba et al., Phys. Lett. B 727, 194 (2013).
[32] A. Stabile and S. Capozziello, arXiv:1501.02187.
